In theories without known Lagrangian descriptions, knowledge of the global symmetries is often one of the few pieces of information we have at our disposal. Gauging (part of) such global symmetries can then lead to interesting new theories, which are usually still quite mysterious. In this work, we describe a set of tools that can be used to explore the superconformal phases of these theories. In particular, we describe the contribution of such non-Lagrangian sectors to the NSVZ β-function, and elucidate the counting of marginal deformations. We apply our techniques to N = 1 theories obtained by mass deformations of the N = 2 conformal theories recently found by Gaiotto. Because the basic building block of these theories is a triskelion, or trivalent vertex, we dub them "Sicilian gauge theories." We identify these N = 1 theories as compactifications of the six-dimensional A N (2, 0) theory on Riemann surfaces with punctures and SU(2) Wilson lines. These theories include the holographic duals of the N = 1 supergravity solutions found by Maldacena and Nuñez.
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Introduction
Strongly coupled four-dimensional (4d) superconformal field theories (SCFTs) have been intensely studied for many years, and there has been great progress in our understanding of their dynamics. The usual procedure is to start with a weakly coupled Lagrangian description in the ultraviolet (UV), and to then try to find the properties of the theory in the infrared (IR) limit. Since we usually require that the theories in question be asymptotically free, we typically know everything about the UV theory, although the low-energy phase often remains mysterious. In part because of their computational intractability, theories without known Lagrangian descriptions are comparatively rare, and not well explored. Notable examples are the N = 2 theories with E-type flavor symmetry found by Minahan and Nemeschansky (MN) [1, 2] , and close relatives of them analyzed in [3, 4] . In retrospect, this situation strongly contrasts with the case in two dimensions: For 2d CFTs a Lagrangian description is valuable when we have it, but it is not an absolute necessity. Thanks to the infinite-dimensional symmetry algebra, we can often understand a theory without recourse to a Lagrangian description. In four dimensions the symmetry algebra is much smaller, so much less is known about conformal field theories without weakly coupled Lagrangian descriptions. However, there is no reason a priori that theories with Lagrangian descriptions should dominate the space of all possible quantum field theories. It is possible that by restricting our field of study to Lagrangian theories, we may be missing many strange beasts out in the wild.
Indeed, a recent work by Gaiotto [5] demonstrated that there is an infinite family of N = 2 non-Lagrangian theories, obtained by compactifying six-dimensional N = (2, 0) SCFTs on a sphere with three superconformal defects. The most important such theory is called T N , which has flavor symmetry SU(N) 3 . T 2 is just a collection of eight free chiral multiplets; T 3 is the E 6 theory of MN; T N with N > 3 are new SCFTs. Gaiotto showed that these non-Lagrangian theories arise naturally as essential building blocks of S-dual descriptions of standard Lagrangian quiver gauge theories. In the dual description, standard N = 2 vector multiplets couple to a subgroup of the flavor symmetry of the non-Lagrangian blocks. Gaiotto's work put the pioneering observations by Argyres, Seiberg and Wittig [6, 7] into a general framework, and as such greatly increased the set of known non-Lagrangian SCFTs. The gravity duals of these theories were identified in [8] , and an alternative construction in terms of (p, q) 5-branes and 7-branes was found in [9] . Wilson loops in these theories were discussed in [10] , and other recent developments can be found in e.g. [11, 12, 13] .
In general, as in [6, 7] , Gaiotto's theories feature a vector multiplet coupled to a non-Lagrangian theory. Although this construction seemed strange when first used by Argyres and Seiberg, we now realize that it is in fact a very common one. Such non-Lagrangian theories can be used essentially in the same way as matter fields, the only difference being that they remain strongly coupled in the limit where the gauge coupling goes to zero. One can ask what sorts of theories can be generated by using these non-Lagrangian theories as building blocks.
We can now greatly enlarge the space of supersymmetric field theories. For example nothing stops us from coupling N = 1 vector multiplets, instead of full N = 2 multiplets, to the non-Lagrangian blocks. Indeed such theories naturally arise when we decouple the adjoint chiral multiplets inside N = 2 vector multiplets by giving them a mass. In general, we can think of starting from an arbitrary combination of chiral multiplets and non-Lagrangian field theories (the 'matter'), and couple them by adding superpotential terms and gauging part of the flavor symmetries.
The problem, then, is how to study such an enlarged class of theories. When the gauge coupling is weak, it can be studied much as in General Gauge Mediation [14] , by studying how current-current two-point functions affect the gauge fields which couple to the flavor symmetry. In principle the knowledge of higher-point functions of flavor currents would allow us to perform the calculation as an expansion in powers of the gauge coupling.
1 In this paper we will skip this intricate stage of higher-loop calculations, and instead directly move to the non-perturbative aspects. This will turn out to be not as difficult as it sounds, thanks to the many exact results available in SCFTs.
The central tool to be established is the extension to our situation of the exact β-function of Novikov-Shifman-Vainshtein-Zakharov (NSVZ) [15, 16] , which involves the anomalous dimensions of chiral elementary fields. When the gauge group is coupled to a non-Lagrangian theory, we only have information about the chiral ring and current operators, and not a description in terms of elementary fields. We show that we can replace the terms involving anomalous dimensions with three-point functions which can be reliably calculated. With the NSVZ β-function at our disposal, we will be able to count the number of exactly marginal deformations of such theories by generalizing the argument of Leigh and Strassler [17] .
Our main application of these techniques will be the study of the N = 1 theories obtained by the mass deformations of adjoint scalars of the N = 2 theories of Gaiotto [5] . These theories have many copies of T N as the 'matter content,' to whose flavor symmetry many SU(N) gauge multiplets couple. Gauge theories whose matter contents are bifundamentals are known as quiver gauge theories; those containing copies of T N will be dubbed "Sicilian gauge theories," for reasons to be explained later.
We propose that these N = 1 theories describe the IR physics of the N = 1 compactification of the 6d (2, 0) theory on Riemann surfaces with punctures. We identify their gravity duals as the solutions found by Maldacena and Nuñez [18] , and generalizations thereof (for example to include punctures). The main new feature is that SU(2) Wilson lines are allowed on the Riemann surface. The parameter space is thus the space of Riemann surfaces with punctures and SU(2) Wilson lines (with fixed conjugacy class around the punctures), on which the S-duality group naturally acts. This space is expected to be the same as the conformal manifold M C of the field theory; we provide various checks of this. This structure demonstrates the existence of an intricate net of S-dualities between these N = 1 theories (see [19, 20] for related work).
The structure of the paper is as follows. We start in Sec. 2 by generalizing the NSVZ β-function. This turns out to be straightforward, since by supersymmetry we can relate the β-function to the anomaly of the superconformal R-symmetry. Since this is determined by a three-point function, we can reliably compute it even when we do not know a Lagrangian description. We describe both the one-loop and allorders β-functions, in the case where we have both fundamental fields as well as a non-Lagrangian sector. A few examples are discussed.
In Sec. 3 we study T N theories coupled to N = 1 SU(N) gauge multiplets. We start by recalling well-known properties of the T N theory, and then go on to count the number of exactly marginal deformations. We identify the gravity duals of these theories as the N = 1 solutions of Maldacena and Nuñez [18] . We show the agreement of the central charges a and c, the number of exactly marginal deformations, and the dimension of the operator corresponding to a wrapped M2-brane.
We conclude with a short discussion in Sec. 4. There are many appendices: In Appendix A we collect standard fomulae for SCFTs; in Appendix B we give a more rigorous derivation of the β-function found in Section 2; in Appendix C we study some chiral ring relations of T N required in our analysis; in Appendix D we recall the twistings of the 6d (2, 0) theory; finally in Appendix E we write down the explicit form of the solutions found by Maldacena and Nuñez.
Exact β-functions
A necessary condition for superconformality is that the β-function for the physical gauge coupling g p vanishes. For N = 1 supersymmetric theories, the general form of this β-function was found by NSVZ [15] to be
where M is the energy scale, tr T
gives the quadratic Casimir of the representation r i , and γ i (g p ) is the anomalous dimension of the matter field Φ i . The sum is over all matter fields. We normalize the generators such that for SU(N), the fundamental representation has T 2 ( ) =
We can use this to recast the numerator of (2.1) as
where the trace is over the Weyl fermions in the theory. T 2 (adj) is absorbed into this trace via the gauginos, which have unit R-charge. This result is just the statement that the superconformal R-anomaly is in the same multiplet as the trace of the stress tensor. Indeed, away from the fixed point, (2.3) is still true just by supersymmetry. The only restriction is that the R-symmetry that shows up in the trace is the unique superconformal R-symmetry. This anomaly will not in general vanish away from the conformal point.
The situation in which we are interested here is where we have a Lagrangian theory whose gauge group is coupled to a non-Lagrangian sector. In particular, consider a non-Lagrangian sector which has a flavor symmetry with current superfield J a that we couple to the gauge group via
where V a are the vector superfields of the Lagrangian sector. 2 It may be useful to think of this as the coupling between a visible (Lagrangian) sector and a hidden (nonLagrangian) sector, as described in [14] .
The current multiplet J a is a real linear superfield of dimension two satisfying D 2 J a =D 2 J a = 0, and containing the conserved current j a µ in the θσ µθ component. When the flavor symmetry is a simple Lie group G, the OPE is that of a current algebra:
The coefficient k G is called the central charge of the flavor symmetry. In this normalization, n free chiral multiplets have k U(n) = 1, and the contribution to k G for G ⊂ U(n) depends on the embedding via 6) where the fundamental decomposes as n = i r i . If there is a flavor symmetry H with a weakly gauged subgroup G, the central charge k G⊂H is given by
where I G֒→H is the embedding index of G in H, as defined in [6] . 3 For more details on how to compute these quantities, see [6, 21] . Eq. (2.5) is important because the one-loop β-function corrects the gauge propagator. The contribution from the hidden sector is computed by the two-point function of the flavor current, and is proportional to k G .
It is worth describing both the one-loop β-function as well as the exact one; the one-loop answer is useful e.g. for determining when a theory is asymptotically free. In the following, we adopt holomorphically (as opposed to canonically) normalized gauge fields, so as to get rid of the denominator in the NSVZ formula [22] . The one-loop answer is obtained by setting γ i = 0 in the numerator of the NSVZ β-function. In the present case, we obtain
where we have used (2.6) to write the sum over the hidden sector degrees of freedom in terms of its central charge (see App. B for an alternative derivation). This β-function is the only contribution to the running of the holomorphic gauge coupling, which is exact at one loop. The physical gauge coupling receives contributions to all orders. To make things easy to keep track of, we will separate the contribution of the Lagrangian sector from that of the non-Lagrangian one. We define the 't Hooft anomaly coefficient K from the non-Lagrangian sector by the relation
Then the exact NSVZ β-function is 10) where the second term comes from matter fields in the Lagrangian sector. It might be instructive to use (2.2) to rewrite (2.9) as
Then one can think of the first term on the right hand side as the one-loop contribution, and of the second term as the contribution from the anomalous dimensions of the hidden sector.
Examples
Let us now describe some simple examples to illustrate the utility of (2.10). We will make use of the fact that the R-symmetry of a superconformal N = 2 theory is SU(2) × U(1), and the superconformal N = 1 U(1) R inside it is 12) where
) is the generator of the Cartan subalgebra of the SU(2), and R N =2 is the additional U(1). Note that any traces involving odd powers of I 3 will automatically vanish. See App. A for additional details. N = 2 theories. When the theory has N = 2 supersymmetry, the superalgebra enforces
for any flavor symmetry G. From the expression for R N=1 we get K = k G /2, and the exact β-function (2.10) stops at one-loop. There are no anomalous dimensions, because the hypermultiplet is known not to be renormalized perturbatively.
Argyres-Seiberg theory. In [6] the authors considered an N = 2 SU(2) gauge theory with one hypermultiplet, where SU(2) is a gauged subgroup of the E 6 flavor symmetry of the theory of MN. Let us check that β N SV Z = 0. In our normalization, T 2 (SU(2)) = 2, T 2 ( ) = 1/2, the current algebra central charge k E 6 = 6, and the embedding index I SU (2)֒→E 6 = 1. Applying (2.10) we get:
The terms in the second to last equation are from the gaugino, adjoint fermion, hypermultiplet fermions and current algebra, respectively. All anomalous dimensions vanish. Another example in [6] features gauging an SU(2) subgroup of the E 7 flavor symmetry of the theory of MN, with no additional matter. In this case the central charge k SU (2)⊂E 7 = 8, so
Mass deformed Argyres-Seiberg theory. Consider the Argyres-Seiberg E 6 theory, mass deformed by δW = mΦ 2 where Φ is the chiral superfield inside the vector multiplet. We integrate out Φ and as a result get a quartic superpotential for the hypermultiplet. In this case, the R-symmetry preserved by the mass deformation is (see [23] ) 16) where R N=2 and R N=1 refer to the UV N = 2 theory, while R IR refers to the IR N = 1 theory. Then K, defined via R IR , is
Then the β-function of SU (2) is
3. Case study: T N theory coupled to N = 1 vector multiplets
In this section we study in detail a large class of N = 1 superconformal theories obtained by mass deforming the N = 2 theories of Gaiotto [5] . We identify their gravity duals and perform various checks, including a description of the manifold of exactly marginal deformations as well as the central charges a and c.
Rudiments of the T N theory
We begin by reviewing the basic properties of the T N theory [5, 8] . This is an N = 2 superconformal field theory with no marginal couplings and with flavor symmetry (at least) SU(N) 3 . In particular T 2 just consists of eight free chiral multiplets Q ijk , while T 3 is the E 6 theory of Minahan-Nemeschansky.
The Coulomb branch of T N is parameterized by dimension-k operators u (i) k for k = 3, 4, . . . , N and i = 1, 2, . . . , k − 2. The structure of the Higgs branch is not fully understood, but it is known that the chiral ring has dimension-two operators µ a for a = 1, 2, 3, each transforming in the adjoint of the a-th SU(N) flavor symmetry. In addition, we have two dimension-(N − 1) operators Q ijk andQ ijk transforming in the (N, N, N) and (N, N, N) of the SU(N) 3 symmetry. It would be worthwhile to work out chiral ring relations among these operators, but for our purposes we will only need the relation tr µ
whose derivation can be found in Appendix C. It is useful for our purposes here to treat T N as an N = 1 theory. As explained in Appendix A, one linear combination of the N = 2 U(1) R and SU(2) R symmetries becomes a flavor symmetry J from the N = 1 point of view. The charges of various operators are:
The flavor symmetry central charge k G is 2N for any of the three SU(N) flavor symmetries. As in the previous section, k G is related to the 't Hooft anomaly coefficient of the R-symmetry and the SU(N) flavor symmetry via (A.4). The T N theory is obtained by wrapping N M5-branes on a sphere with three maximal punctures, see Fig. 1 a) . It is usually denoted by a triskelion, i.e. a trivalent vertex with three legs; each box with N in it signifies an SU(N) flavor symmetry. By comparison, a bifundamental of SU(N) × SU(N) arises by wrapping the same number of M5-branes on a sphere with two maximal punctures and one simple puncture, see Fig. 1 b) . It is usually denoted by an edge having two boxes at the ends. There, a maximal puncture is marked by ⊙ and a simple puncture by •; one maximal puncture carries an SU(N) flavor symmetry, and one simple puncture a U(1) symmetry. Now we can couple gauge fields to copies of T N and bifundamental fields, as in Fig. 2. An SU(N) gauge group is shown as a circle with N inside, and the fact that it couples to one of the SU(N) symmetries of a T N theory is depicted by connecting it to one of the legs of a trivalent vertex representing the T N theory, see Fig. 2 b) . A weakly coupled SU(N) gauge group corresponds to a thin, long neck developing on a Riemann surface as shown there. Similarly, one can connect a bifundamental and a T N theory as shown in Fig. 2 c) .
These are the simplest examples of the theories constructed by Gaiotto [5] , in which copies of T N theories and bifundamentals are connected by SU(N) gauge groups coupling to the diagonal subgroup of two SU(N) flavor symmetries. We dub these theories Sicilian gauge theories because their basic building block is a triskelion, the symbol of Sicily (see Figure 3) . In contrast to Sicilian gauge theories, standard quiver theories consist only of bifundamental fields and gauge groups.
N = 2 Sicilian gauge theories
Consider 2n copies of a T N theory. This has SU(N) 6n flavor symmetry. We can distribute these 6n SU(N) factors into 3n pairs, and couple the diagonal subgroup of each pair SU(N) × SU(N) to an N = 2 gauge multiplet with gauge group SU(N). The resulting theory has (generically) no flavor symmetries left. For instance, all Sicilian diagrams for the case n = 1 are shown in Fig. 4 . As in the previous section, this corresponds to N M5-branes wrapped on a Riemann surface Σ g of genus g = n + 1, but without punctures. More precisely, the M5-branes wrap the zero section of the cotangent bundle T * Σ g , preserving N = 2 supersymmetry. We will call such theories T g . 4 We can easily check that each of the gauge couplings is marginal, by using our results from Section 2. These theories have no anomalous dimensions for the operators in the T N blocks, and the exact NSVZ β-function vanishes:
The first two terms are the contributions from the N = 2 vector multiplet, while the last term comes from the flavor symmetry central charge of the T N theory. Therefore, there are 3n = 3g − 3 exactly marginal deformations preserving N = 2 supersymmetry. This number nicely matches the moduli space dimension of the genus-g Riemann surface.
The central charges of a general T N theory are [8] 
They are related to the 't Hooft anomalies of the R-symmetries via the standard formulae (A.6). For the theories T g in question here, the central charges can be easily calculated by adding the contributions from copies of the T N theory and from the SU(N) vector multiplets. We find
Maldacena and Gaiotto [8] identified the holographic dual of this theory as the gravity solution found ten years ago by Maldacena and Nuñez [18] . One starts from N M5-branes wrapped on a Riemann surface Σ g of genus g = n + 1, embedded supersymmetrically inside T * Σ g , and takes the near horizon limit. The central charges a and c have been calculated from the gravity side, reproducing the O(N 3 ) and O(N) terms written above. On the gravity side, Σ g is endowed with a constant negative curvature metric, and thus the moduli of the solution are the complex structure moduli of the Riemann surface. This moduli space has complex dimension 3g −3, which nicely agrees with the field theoretical result. As another check, Maldacena and Gaiotto identified an M2-brane wrapped on Σ g as the gauge-invariant operator
where a runs over the copies of the T N theory and gauge indices are appropriately contracted. Obviously this has dimension 2n(N − 1), which matches the mass of the wrapped M2-brane.
Deformation by adjoint mass: N = 1 Sicilian theories
The T g theory above, in a duality frame where there are only T N blocks, has an N = 1 superpotential schematically of the form:
where Φ s (s = 1, . . . , 3n) is the adjoint scalar in the s-th SU(N) vector multiplet and µ a,i (a = 1, . . . , 2n, i = 1, 2, 3) is the chiral operator in the adjoint of the i-th SU(N) flavor symmetry of the a-th copy of the T N theory. a(s), i(s) and b(s), j(s) specify which copy of the T N theory the s-th SU(N) vector couples to. Now let us add mass terms for the adjoint chiral multiplets Φ s :
At energy scales far below m s , we can integrate Φ s out. The superpotential becomes
This suggests that the theory reaches a superconformal point where the operators µ a,i all have dimension 3/2. We can indeed check that the NSVZ β-functions vanish. The anomalous dimension γ can be identified with a multiple of the current J in (3.2). In particular, γ = J/2, because the charge of µ under J is −2. The contribution to the beta function from the anomalous dimension is
We can now evaluate the beta function:
where the first, second and the third term come from the N = 1 vector multiplet, the one-loop contribution of two T N theories coupled to the gauge group, and the contribution from the anomalous dimensions of two T N theories, respectively. Another way to state this result is to consider the low-energy R-symmetry 12) found in [23] as the combination of N = 2 R-charges preserved by the mass deformation (3.8). We use it in the formula of the exact NSVZ β-function (2.10). Since R IR is anomaly free with respect to all gauge groups,
so the β-function vanishes. This is similar to the last example in Section 2.1. The central charges can now be evaluated from the standard formula (A.3) (see also [23] ), yielding
Finally, we note that the operator (3.6) now has dimension
Counting exactly marginal deformations
Naively, the T g theory after the N = 1 deformation would have 6n − 1 exactly marginal couplings: 3n come from the coupling constants of the original N = 2 theory, and 3n − 1 come from the ratio of the mass parameters. We will see below that we have, in fact, one more exactly marginal direction, and the total number is
In the following we will discuss the case of N > 3. The case N = 2, worked out in [13] , needs a different discussion even though the result is substantially the same. The case N = 3 has some peculiarities as well, because the operators Q ijk and µ i have the same dimension.
We perform an analysis as in Leigh and Strassler [17] . The candidate marginal deformations are tr(µ a,i ) 17) where in the first column are the operators and in the second column are their multiplicities. The first are squares of the moment maps, three for each T N theory; as explained in Appendix C, the three squares are in fact the same in the chiral ring.
The second are products of moment maps on each gauge node; the third are gauge couplings.
To have zero NSVZ beta functions for all gauge groups, the anomalous dimension of each T N theory is constrained to be γ = J/2. This imposes 2n real conditions on the couplings. At the same time, we can perform the flavor rotation of each T N theory by the symmetry J. This will eliminate 2n phases. Therefore we end up with 6n exactly marginal parameters. 5 We would like to give a somewhat lengthy comment on the usage in the literature of the method by Leigh and Strassler. We often find the line of arguments as follows. Schematically, one starts by counting chiral operators of dimension three which can be used to deform the superpotential; let us say we have n of them, including the complexified gauge couplings. One then writes down the beta functions for the gauge and superpotential couplings. Typically they boil down to a number, say m, of constraints on the anomalous dimensions of chiral superfields. Then one concludes that there are n − m exactly marginal directions, because one needs to impose m constraints which are functions of n parameters.
This procedure is, however, not correct as stated. The number n is complex, because the parameters are either coefficients in the superpotential or complexified gauge couplings. On the other hand, the anomalous dimensions are real functions and only give m real constraints. Therefore at this stage one can only say that there are 2n−m real degrees of freedom. This might not be an even number, whereas we expect the exactly marginal deformations to form a complex manifold which should have an even number of real dimensions. In the examples treated in the original paper [17] , one could perform phase redefinitions of chiral superfields to eliminate some phases from the superpotential couplings, possibly shifting the theta angles. However, this redefinition cannot be done in a general field theory, which may have a complicated combination of gauge groups and matter fields.
The point is that we need to identify theories related by field redefinitions, typically by anomalous or broken global symmetries, which change the theta angles and the phases of superpotential couplings. It seems to us that there are always m such U(1) rotations when there are m constraints on the anomalous dimensions. At least, this is the case for the examples we will deal with in our paper.
For N = 3, the trifundamental operators Q ijk andQ ijk of dimension (N − 1) in the T 3 theory have dimension 2 as the moment maps µ i . In fact together they form the moment map of E 6 . After an N = 1 gauging they acquire anomalous dimension as µ i , allowing us in principle to construct one more candidate marginal operator for each T 3 block: Q ijkQ ijk . However, as shown in App. C, in the chiral ring of T 3 Q ijkQ ijk is proportional to tr µ 2 i . The previous discussion is thus unchanged. 
Holographic duals
As briefly reviewed in Sec. 3.2, the holographic dual of the Sicilian N = 2 T g theory (made of 2n copies of T N theory glued together by 3n N = 2 vector multiplets of SU(N) gauge groups) was identified as the N = 2 solution of 11d supergravity found by Maldacena and Nuñez [18] . Our aim here is to demonstrate that the mass-deformed N = 1 version of the T g theory has as its holographic dual the analogous N = 1 supergravity solution, also found in [18] .
Construction of the gravity solution. Let us quickly recall how the gravity solutions were constructed. For a given Riemann surface Σ g of genus g > 1, one endows Σ g with a metric of constant negative curvature, and goes on to find a solution of the form AdS 5 × Σ g of 7d N = 4 SO(5) gauged supergravity. To preserve some supersymmetry, one embeds the spin connection of Σ g into the SO(5) R-symmetry gauge fields. We will briefly review this procedure below. More details can be found in Appendix D.
In order to preserve N = 2 supersymmetry in the dual SCFT, one embeds the spin connection in the SO(2) part of
The spinors transform in the 4 of SO (5), and decompose as
under (3.18). Let us say 2 + becomes covariantly constant, thanks to the embedding of the spin connection. We then find that SO(2)×SO(3), which commutes with the SO(2) subgroup we just chose, gives the U(1) × SU(2) R-symmetry of the N = 2 SCFT.
Then, we need to subtract 2m real degrees from n complex degrees of freedom, resulting in n − m exactly marginal directions. It would be interesting to demonstrate that the number of anomalous/broken U(1) rotations and the number of constraints on the anomalous dimensions are always the same. Furthermore, this procedure of imposing m real conditions and then removing m phases is reminiscent of the Kähler quotient construction. It might be worthwhile to pursue this analogy further. For further discussion of such matters, see [24, 25, 26] . 6 The only possible exception is T 2 and N = 3, where we can contract Q ijk andQ ijk from two different T 3 theories.
Similarly, to have N = 1 SUSY in the dual SCFT, we decompose SO(5) as SU(2) × SU(2) F ≃ SO(4) ⊂ SO(5) (3.20) and embed the spin connection in U(1) R ⊂ SU(2). The 4 of SO(5) decomposes under
following (3.20) . The twisting makes, say, 1 + covariantly constant. Then U(1) R ⊂ SU(2) gives the U(1) R-symmetry of the N = 1 SCFT. Notice that the SU(2) F part remains unbroken. The unbroken supersymmetry parameter is neutral under it, which means that SU(2) F becomes a non-R flavor symmetry of the dual SCFT. We will shortly see how additional N = 1 preserving parameters can break it. For this class of solutions it is known how to lift them to solutions of elevendimensional supergravity by adjoining a properly warpedS 4 to the seven-dimensional spacetime [27, 28] . For completeness, the detailed form of the resulting metric is given in Appendix E. SU(2) F Wilson lines. The metric just mentioned (see App. E) describes the product of AdS 5 with a non-compact hyperbolic plane H 2 , over which is fibred a squashed S 4 ; the isometry is U(1) R × SU(2) F . To have a compact genus-g Riemann surface, we need to quotient by a discrete (Fuchsian) subgroup Γ of SL(2, R). This introduces 3g − 3 complex structure moduli. These are the sole moduli in the case of the N = 2 solution. For the N = 1 solution, we can introduce Wilson lines of the SU(2) F field discussed above without breaking the supersymmetry, because the unbroken supersymmetry parameter is neutral under SU(2) F . Of course this will generically break SU(2) F completely, and in fact the dual field theory does not generically have any SU(2) F flavor symmetry. More explicitly, the supergravity solution is constructed by choosing a discrete subgroup Γ W of SL(2, R) × SU(2) F , with the requirement that the projection Γ W → SL(2, R) is injective, and quotienting the fibre bundleS 4 → E → H 2 by it. The number of degrees of freedom in the Wilson lines can be counted as follows: The homotopy of Σ g is generated by the loops A 1,...,g and B 1,...,g with one relation,
The Wilson lines are a homeomorphism from the homotopy group to SU(2) F . There are three real degrees of freedom for each A i and B i , with three removed by the relation above, another three removed by the global SU(2) F transformations. In total, we have 3 × 2g − 3 − 3 = 6g − 6. It is known that there is a natural complex structure on the space of Wilson lines. Therefore, we have a complex parameter space of dimension
The number n, which specifies the number of copies of T N and of gauge groups, is related to the genus by g = n + 1. Thus, summing the 3g − 3 complex parameters of the Riemann surface and the 3g − 3 parameters of the Wilson lines, we reproduce the 6n exactly marginal deformations in the field theory (3.16). Even though we do not have a precise map from the space of gauge and superpotential couplings to the space of Riemann surfaces with SU(2) F Wilson lines, this construction shows that the S-duality group should act on the former as it does on the latter.
Universality of the construction. The above construction gives, with regard to the complex structure, the most general configuration with N coincident M5-branes wrapped on a surface preserving N = 1 supersymmetry, as we now show.
7 Supersymmetry requires that the total space of the normal bundle of the M5-branes is locally Calabi-Yau. The fiber of the normal bundle is C 2 , and the curvature is in U(2). The Calabi-Yau condition constrains the U(1) part of the curvature to be equal to that of the canonical bundle, but the SU(2) part is unconstrained. Therefore, the moduli of the system are given by the the moduli of the Riemann surface plus the moduli of the SU(2) bundle over the surface. This is exactly what we found in our supergravity construction. This argument strongly suggests that, although we only considered a rather restricted set of superpotential deformations in Sec. 3.3 and 3.4, the manifold of IR superconformal theories we found describes the entire moduli space of M5-branes wrapped on a Riemann surface. U(1) F enhanced flavor symmetry. The introduction of SU(2) F Wilson lines generically breaks such isometry completely. However we preserve (part of) it for particular choices of the Wilson lines. A subgroup U(1) F is preserved by commuting Wilson lines, whose parameter space has complex dimension g; the full SU(2) F is preserved for vanishing Wilson lines. We expect the same flavor symmetry enhancement to take place in the field theory on particular submanifolds of the conformal manifold M C . Let us show the U(1) F enhancement.
Consider the N = 1 T g theory in the particular S-dual frame of Figure 5 . Before writing down any superpotential, there exists a unique anomaly-free U(1) F flavor symmetry:
where the structure of the sum is understood in relation to Fig. 5 . Each J (a) factor is the U(1) flavor symmetry of a copy of the T N theory, defined in (3.2) or (A.10). 7 The authors thank David R. Morrison for helpful discussions on this point. We now look for the conformal manifold compatible with this U(1) F symmetry. The candidate marginal deformations are:
The first are products of moment maps, one for each gauge group; the second are gauge couplings. The number of independent field redefinitions is now only 2n − 1, because there are 2n J (a) actions but one combination is an anomaly-free symmetry which does not affect either the superpotential nor the theta angles; the number of real relations on the anomalous dimensions is 2n − 1 as well. We then find a conformal manifold of complex dimension dim
This agrees with the moduli of a genus g Riemann surface with commuting SU(2) F Wilson lines. We expect a further enhancement of the flavor symmetry to SU(2) F on a smaller submanifold of dimension 3n = 3(g − 1). We have not been able to show the existence of such a symmetry, which is likely realized only quantum mechanically at the fixed point.
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M2-brane wrapped on Σ g . Let us next compare the dimension of the operator Θ in (3.6), which is dual to an M2-brane wrapped on Σ g . On the gravity side, the dimension is proportional to the product of the radius of AdS 5 and the area of the Riemann surface. Fixing the coefficient, we find
whose constants are defined in App. E. Then we conclude:
The order 1 (in N) corrections are expected from quantization of zero modes on the M2-brane, as in [8] . The holographic dual correctly reproduces the dimension of this operator as below (3.6) and in (3.15), to leading order in N.
Central charges a and c. We can also match the central charges. At leading order in N, the gravity side predicts c = πR
N is the five dimensional Newton constant) which results in [18] 
See App. E for the constants entering into the metric. We then get:
The subleading terms can be found from the wrapped M5-branes. We will focus on the anomalies tr R N=1 and tr R 3 N=1 , which are related to a and c by (A.3). First let us recall the relation between the anomaly coefficients and the anomaly polynomial, for a 4d field theory (for a review of the analysis of the anomaly, see e.g. [30] ). The anomaly polynomial for one Weyl fermion of charge q is
where F stands for the U(1) bundle of the U(1) charge, and T 4 for the tangent bundle of spacetime. ch is the Chern character,Â the Dirac genus, c k the Chern classes and p k the Pontryagin classes. Therefore, a theory with R-anomaly tr R 3 and tr R has the anomaly polynomial:
The anomaly eight-form for N M5-branes was found in [31, 32] , from certain ChernSimons terms in 7d supergravity. It is:
where
is the anomaly for a single M5-brane. Here N and T stand for the normal and tangent bundle of the worldvolume of the M5-branes, respectively. Let us also recall that p 1,2 (B) are given, in terms of the skew Chern roots ±b i of the bundle B, as
Now let us reduce the anomaly eight-form on the genus-g Riemann surface. We denote the Chern roots of the tangent bundle as ±λ 1 , ±λ 2 , ±t and those of the normal bundle as ±n 1 , ±n 2 ; here λ i are along the 4d spacetime while t, n 1,2 are along the Riemann surface. We denote by F the U(1) bundle which couples to the R-symmetry; as discussed in Appendix D, this enters by shifting n 1,2 as
and the fact that Σ g is genus g implies
The relevant term in the anomaly polynomial is linear in t and, after integrating over Σ g , we get:
Therefore we have:
Using (A.3) we find that this nicely reproduces the field theory central charges a, c (3.14), up to O(1) corrections. Indeed the anomaly polynomial (3.33) refers to the 6d theory on the worldvolume of N M5-branes, comprised of the non-trivial SCFT dual to the near-horizon geometry plus the decoupled free dynamics of the center of mass. Led by this consideration, we observe that if we remove the anomaly of a single M5-brane (whose low-energy dynamics is free), that is if we start from
we exactly reproduce the field theory result (3.14). 
Theories with maximal punctures
Let us now study the Sicilian N = 1 SCFTs obtained from N ≥ 3 M5-branes wrapped on Σ g with n N punctures of maximal type. We will dub them T g,n N . Again, the case N = 2 has been considered in [13] , while N = 3 does not exhibit any further subtleties with respect to the previous section. We require n N ≥ 3 if g = 0, or n N ≥ 1 if g = 1 to make the situation generic. The field theory is constructed from 2n + n N copies of T N , by gauging together 3n + n N pairs of SU(N) global symmetries (we consider connected Sicilian diagrams). The resulting T g,n N theory has then (at least) SU (N) n N flavor symmetry, and the genus is g = n + 1. The candidate marginal deformations are:
As before, the first are squares of the moment maps, three for each T N theory but equal in the chiral ring; the second are products of moment maps on each gauge node; the third are gauge couplings. These deformations preserve the SU(N) n N flavor symmetry. From γ(µ m a,i ) = −1 we get 2n + n N real relations and as many axial rotations. Thus we see that the number of exactly marginal deformations is
(3.43)
In the N = 2 case [8] , the gravity dual to the T g,n N theory is easily constructed. We enrich the Fuchsian group Γ ⊂ SL(2, R), by which we quotient H 2 in order to obtain a compact Riemann surface, in such a way that the fundamental domain has n N Z N orbifold singularities. Due to the N = 2 twist, the identification z ≃ e 2πi/N z (where z is 9 For completeness, let us observe that the N = 2 charges (3.5) can be exactly reproduced in a similar way. Starting from I 8 [A N −1 ], we include the U(1) bundle of the R N=1 charge via n 1 → n 1 + , which gives (3.5). The bundle of R N=2 can be analyzed with n 1 → n 1 + 2c 1 (F ). a local coordinate on H 2 ) is accompanied by a rotation in the fibre and the singularity is locally C 2 /Z N . This is consistent, because along an A N −1 singularity in M-theory live SU(N) gauge fields, which realize an SU(N) global symmetry factor in the boundary theory. Such singularity can arise as the uplift of type IIA D6-branes. We can understand it as follows. In the IIA construction of [33] a global SU(N) comes from N D4-branes stretching between one NS5-brane and N D6's; uplifting to M-theory we get the nearhorizon geometry of N M5's in the presence of an A N −1 singularity. More generally, in the IIB construction of [9] a generic puncture is realized by N (p, q) 5-branes partitioned and ending on some number of 7-branes. Dualizing to M-theory, they map to uplifted D6's, whose number and structure matches with the results in [8] .
In the N = 1 case, the singularity corresponding to a maximal puncture must look locally the same, i.e. like C 2 /Z N . The group element needs to act as
where z is a complex coordinate on the hyperbolic plane centered around the orbifold point, and x 1 , x 2 are appropriate coordinates on the C 2 fiber. The N = 1 twist (3.20) alone would give the action
This means that the maximal puncture requires an SU(2) monodromy around it, with fixed conjugacy class (
Such monodromy is an SU(2) F Wilson line around the puncture, and the choice of a particular element in the conjugacy class is a free complex parameter. The supergravity solution is obtained from the metric in App. E, as in the previous section, by quotienting the bundleS 4 → E → H 2 by a subgroup Γ W of SL(2, R) × SU(2) F with the properties stated above.
The moduli of the solution are the following: 3(g−1)+n N complex structure moduli of a genus-g Riemann surface with n N indistinguishable punctures, plus 3(g − 1) + n N Wilson lines on it. This matches the field theory result. With maximal punctures the SU(2) F Wilson lines cannot be turned off, and the maximal symmetry enhancement is U(1) F , which happens on a 3(g − 1) + n N + g dimensional submanifold of M C . It is easy to check, at least in some S-duality frames, that the same happens in the field theory.
Notice that N = 1 supersymmetry allows more general orbifold singularities (e.g. C 3 /Z k × Z l ) with respect to the N = 2 case. It would be interesting to understand their dual field theory.
Theories with simple punctures
The N = 1 theory T g,n 1 on N ≥ 3 M5-branes wrapped on Σ g with n 1 simple U(1) punctures, has associated Sicilian diagrams of different types. The ones with all SU(N) gauge groups are made by gauging together 2n T N theories and n 1 bifundamental blocks with U(1) flavor symmetry (as in Fig. 1 b) , through 3n + n 1 SU(N) gauge blocks. The flavor symmetry is U (1) n 1 and the genus g = n + 1. Among the SU(N) gauge blocks, it is better to distinguish if they join two bifundamentals, two T N blocks, or one for each type. We introduce the number b:
The number b is not invariant under S-duality and is subject to some constraints, however the final result does not depend on it so we will not be concerned about this.
We have the following candidate marginal deformations:
We label bifundamentals as Q s,t , where the indices refer to the gauge groups joined by them. The novelty here is that there are double trace deformations.
From γ(µ a,i ) = −1, γ(Q s,t ) = −1/2 we get 2n + n 1 real relations. We can also perform the axial rotation by the symmetry J for each copy of T N , and rotate the bifundamentals, eliminating 2n + n 1 phases in total. We conclude that the number of exactly marginal deformations is:
The geometric interpretation is as follows. The moduli of the Riemann surface Σ g with SU(2) F Wilson lines provide 6(g − 1) parameters. Each U(1) puncture provides two complex parameters:
10 Since the U(1) puncture corresponds to the intersection of Figure 6 : T g=2, n 1 =N theory, in an S-duality frame which exhibits a tail.
an extra M5-brane with the stack of N M5-branes, one parameter is for its position on the Riemann surface Σ g , the other for the CP 1 worth of directions of the M5-brane inside the two-dimensional fiber over Σ g . If we take the near-horizon limit of the N M5-branes, the transverse M5's can be dealt with in the probe brane approximation. Their worldvolume fills AdS 5 at a specified point on the Riemann surface, and wraps a circle onS 4 parameterized by CP 1 .
Finally, there are n 1 (n 1 + 1)/2 "double-trace" exactly marginal deformations constructed from n 1 gauge-invariant chiral primary operators of dimension 3/2. In the holographic dual, these deformations correspond to the mixed boundary conditions imposed on the bulk fields dual to these n 1 operators [34] . It would be nice to understand what are they in the 6d (2, 0) theory.
With simple punctures different Sicilian diagrams are possible, in which some gauge ranks are smaller than N. In particular there can be superconformal tails. An example for T g=2, n 1 =N is in Figure 6 , and some more examples are in [5, 8] . The reader can fill the details of the computation, whose result is still (3.48).
Along the same lines, one can consider T g,(n N ,n 1 ) , arising from a Riemann surface with n N maximal and n 1 simple punctures. Both the supergravity and field theory computation yield dim C M C = 6(g − 1) + 2n N + 2n 1 + n 1 (n 1 + 1)/2.
Conclusions
In this work, we have provided a general set of tools which can be used to analyze supersymmetric field theories in which non-Lagrangian sectors are coupled to gauge groups. Although we have only analyzed a particular subset of such theories here, our results are general, and could be used to analyze (and, indeed, construct) many new theories. It is no doubt an interesting pursuit to try to find some new and exotic theories, and investigate their superconformal phases via the above techniques.
As an example of a large new set of interesting SCFTs, we considered in particular the N = 1 theories resulting from mass deformations of the N = 2 theories pioneered by Gaiotto, and also described their holographic duals. We then provided a number of checks on the duality, by computing central charges as well as the dimension of the conformal manifold. It is interesting that gravity sides of some of these holographic duals were constructed many years ago by Maldacena and Nuñez, although the corresponding SCFTs remained mysterious until the present work.
There are many possible directions for future study. As mentioned above, it is particularly interesting to see what kinds of new Sicilian SCFTs we can construct. Although finding the gravity duals of these theories is in general no doubt a difficult problem, the techniques presented here at least make it possible to perform checks of the correspondence. On the other hand, our supergravity analysis revealed that intrinsically N = 1 punctures are possible, and finding their field theory dual is an intriguing problem. Another task is to clarify the shape of the M5-branes wrapping the Riemann surface on the whole moduli and parameter space, whose equations are controlled by VEVs in the (2, 0) theory. Finally it could be interesting to see if the reduction to 3d, as done in [35] for the N = 2 case, holds any new surprises.
A. Standard formulae for SCFTs
A.1 N = 1 SCFTs
The central charges a and c are defined as coefficients of terms in the conformal anomaly of the trace of the energy-momentum tensor generated by a background gravitational field:
For N = 1 SCFTs, they are related to the 't Hooft anomalies of the U(1) R-symmetry in the superconformal algebra via the relations [36, 37] 
We use the convention that tr J 1 J 2 J 3 stands for the 't Hooft anomaly coefficient among three currents of the theory, normalized so that it will be equal to the trace over the label of Weyl fermions when the theory has a weakly-coupled Lagrangian description. For a flavor symmetry G, the central charge k G is defined as the coefficient of the two-point function of currents of G as in (2.5) . It is related to the 't Hooft anomaly via
where T A are the generators of the flavor symmetry G. We normalize them so that T A in the fundamental of SU (2) have eigenvalues ±1/2. A chiral primary operator O has dimension
The R-symmetry of N = 2 SCFTs is U(1) R × SU(2) R . We denote the generators as R N =2 and I a , where a = 1, 2, 3. Three-point functions of the R-currents and the energymomentum tensor are known to contain only two superconformal invariants [38] . One consequence is the relation of the central charges a and c to the anomaly:
Similarly, we have the relation of the flavor central charge and the anomaly
A chiral primary operator O on the Coulomb branch has dimension 8) and carries no spin under SU(2) R . On the other hand, a chiral primary operator on the Higgs branch has R N =2 = 0 and the dimension is twice the SU(2) R spin. It is sometimes useful to treat a given N = 2 theory as an N = 1 SCFT, by fixing a particular N = 1 subalgebra inside the N = 2 superconformal algebra. The N = 1 U(1) R symmetry is given by the linear combination Table 1 : Charges of N = 2 free multiplets. Note that A µ and λ α form an N = 1 vector multiplet, while φ and λ ′ α form an N = 1 chiral multiplet.
while another linear combination
commutes with the chosen N = 1 subalgebra, and is thus a flavor symmetry from the N = 1 point of view. One can easily check the statement using the well-known assignment of charges for free hypermultiplets and vector multiplets in Table 1 .
B. Derivation of the generalized NSVZ β-function
We give here a more detailed alternative derivation of the exact β-function formula (2.10) which generalizes the NSVZ expression to non-Lagrangian sectors. We adopt the approach of Arkani-Hamed and Murayama [22] . We start by reviewing their derivation to fix conventions, and then show how to include the contribution of superconformal non-Lagrangian sectors.
B.1 Theories with Lagrangian descriptions
Consider a Lagrangian theory consisting of vector multiplets V a of a gauge group G, chiral multiplets Φ i transforming in a representation r i of G and a (possibly zero) superpotential. We can think of this system as a "matter theory" (the fields Φ i ) whose flavor symmetry group H is (partially) gauged by V a according to G ⊂ H, as in (2.4) . In this case the current superfield coupled to V a is simply
We consider a Wilsonian action defined at some cut-off M. We choose to holomorphically normalize the gauge fields. The Lagrangian then contains the holomorphic gauge coupling g h (as opposed to the physical gauge coupling g p ). We compute the variation in the couplings as we vary the cut-off to M ′ while keeping the IR physics fixed. Take the Lagrangian at cut-off M to be
Here the subscript h stands for "holomorphically normalized." The dots stand for the remaining Lagrangian including superpotential, non-canonical Kähler potential, etc. , which we abbreviate since they do not play any role in the discussion. The sum over i is implicit. In this normalization, the perturbative running of the gauge coupling is exact at one-loop. The running of the complexified gauge coupling
is necessarily holomorphic, which is only true when
is a constant (because it must be independent of the θ-angle). This implies that the renormalized
is the one-loop coefficient of the β-function. The change in the Wilsonian action can only be holomorphic if we allow the coefficient of the matter kinetic terms (which are manifestly non-holomorphic) to change from 1 to
. This is just the wave-function renormalization. To study the running of the physical gauge coupling, we need to keep vector multiplets and matter fields canonically normalized. The change of normalization of the vector multiplets, due to an anomalous Jacobian, produces the denominator of the NSVZ formula [22] . However, we prefer to keep the vector multiplets holomorphically normalized and only insist on having the matter fields canonically normalized.
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Therefore we perform the change of variables Φ i = Z −1/2 i Φ ′ i , which yields an anomalous Jacobian in the path integral. The Jacobian can be computed by noticing that we can write Z = e iα : for real α the contribution to the path integral is the usual chiral anomaly. The F-term part of the result for real Z is then obtained by holomorphy. For real α the exact result is
(B.4) For complex α there are D-terms generated which cannot be derived simply by analytic continuation. However, these terms do not affect the β-function. The F-terms can be inferred by holomorphy. The final result is
Here g p stands for the physical coupling, even though with a slight abuse of terminology because we keep the vector multiplets holomorphically normalized. Using the definition of anomalous dimension γ i ≡ ∂ log Z i /∂ log M, we get
This expression is the numerator of the NSVZ β-function.
B.2 Theories with non-Lagrangian sector
We now generalize the above argument to the case of a non-Lagrangian theory with some flavor symmetry H, of which we gauge a subgroup G ⊂ H. We will proceed as if a Lagrangian exists but it is not known. As in [14] , the gauging corresponds to coupling the vector multiplets V a with the current superfields J a of the flavor symmetry G:
The OPE of the current superfield in (2.5) is controlled by k G , the central charge of the current algebra. N = 1 supersymmetry relates the central charge and the 't Hooft anomaly involving the N = 1 R-symmetry through
The trace on the right hand side is over the Weyl fermions in the theory if it has a Lagrangian description; otherwise it needs to be defined abstractly as the coefficient of the three-point function of currents. It will be important that these traces can be calculated even for non-Lagrangian theories, thanks to the robustness of the anomaly coefficients against quantum corrections. As before, we change the cut-off of the Wilsonian Lagrangian from M to M ′ keeping the IR physics fixed, and look at the behavior of the gauge coupling. First we keep both the gauge multiplet and the hidden sector fields holomorphically normalized. Then the change in 1/g sector can be computed, as in [14, 6] , from two-point functions of the current multiplet. We have 1 g
where b 0 = 3T 2 (adj) − k G /2 and k G is the flavor central charge of the hidden sector. We then need to take into account the fact that a chiral operator O in the hidden sector will receive a wave-function renormalization. In the standard case, we have
Generalizing this, let us define the wave-function renormalization factor of O as
This is how an operator O gets the anomalous dimension
In general there is nothing like canonical normalization for a non-Lagrangian sector, because there are no preferred operators. However, when the sector is conformal, we know that there exists a rescaling that keeps all operators fixed. Suppose the transformation O → exp(iǫγ [O] ) O (B.14)
for real ǫ is a global symmetry γ of the hidden sector. This transformation shifts the θ term of the gauge group by the amount proportional to the 't Hooft anomaly tr γT a T b . By holomorphy for imaginary ǫ, 1/g 2 p gets a shift proportional to the anomaly. It is straightforward to fix the coefficient, and we find: When the theory in the infrared is superconformal, the last two terms combine into 3 tr R IR T a T b because 3R IR = 2D IR = 2(D U V +γ/2) = 3R U V +γ. Then the β-function is proportional to the 't Hooft anomaly of the R-symmetry, and its vanishing is consistent with the existence of an anomaly-free R-symmetry.
Alternatively, suppose the superconformal hidden sector has a Lagrangian description but it is not known. Then we can directly take the expression (B.7) and recast it in the form β 8π 2 /g 2 = 3T 2 (adj) − K (B. 16) where K is defined as 3 tr R T a T b = −K δ ab . K, being the coefficient of the 't Hooft anomaly, is defined and computable independently of the Lagrangian. Since it does not matter if the Lagrangian is known or exists at all, the expression above is what we are looking for, and is formula (2.10). Let us conclude by noticing that such an expression requires the non-Lagrangian sector to be superconformal (otherwise there is no concept of canonical normalization), but the gauge coupling g p can run.
C. A chiral ring relation of T N
The theory T N has SU(N) 3 flavor symmetry; correspondingly, its chiral ring (as an N = 1 theory) has chiral operators µ 1,2,3 of dimension two, transforming in the adjoint of each of the three SU(N) symmetries. We argue that tr µ 
C.1 N = 2
The theory T 2 consists of eight N = 1 chiral multiplets Q ijk , i, j, k = 1, 2; three SU(2) act on i, j, k respectively. Then µ 1,ii ′ = Q ijk Q i ′ j ′ k ′ ǫ jj ′ ǫ kk ′ , and similarly for µ 2 and µ 3 . It is easy to see that tr µ for α = 1, . . . , N − 2. This last equality follows from the F-term relation for the adjoint scalar Φ α of the SU(N) α gauge multiplet. Indeed, the superpotential is
Recalling that Φ α is traceless, the F-term relation is
Taking the trace of the square of both sides, we obtain (C.7), proving (C.5). We believe that this chiral ring relation comes from the chiral ring of T N itself.
C.3 N = 3
For N = 3 we can explicitly prove the relation. The theory T 3 is the E 6 theory of Minahan-Nemechansky, whose chiral ring has been studied in [39] . We can repeat the argument using the subgroup SU(3) 3 ⊂ E 6 . The chiral ring, on the hyperkähler side, is generated by a set of dimension-two operators X transforming in the adjoint of E 6 which satisfy the quadratic relations We then have X 0 = e −4(λ 1 +λ 2 ) , X 1 = e 2λ 1 , X 2 = e 2λ 2 .
(E.5)
We refer the reader to the original paper [18] for the form of the G 4 field.
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The N = 2 solution is given by To exhibit the SU(2) R × U(1) R isometry, we perform the change of coordinates: µ 0 = cos θ cos ψ, µ 1 = cos θ sin ψ, µ 2 = sin θ. Then ∆ and µ 2 are functions of θ only; (ψ, φ 1 ) parameterize a round S 2 on which SU(2) R acts; U(1) R acts as translations of φ 2 , which is the only direction to be fibred over H 2 .
The N = 1 solution is given by Now ∆ is a function of µ 0 only. At fixed µ 0 and x, the metric in parenthesis is a round S 3 of isometry SU(2) × SU(2) F . Both dµ 2 0 and the fibration by A 1 = A 2 break it to U(1) R × SU(2) F .
